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Abstract. In this paper we study the asymptotic behavior (in the sense of 
meromorphic functions) of the zeta function of a Laplace-type operator on 
a closed manifold when the underlying manifold is stretched in the direction 
normal to a dividing hypersurface, separating the manifold into two manifolds 
with infinite cylindrical ends. We also study the related problem on a manifold 
with boundary as the manifold is stretched in the direction normal to its 
boundary, forming a manifold with an infinite cylindrical end. Such singular 
deformations fall under the category of "analytic surgery" , developed originally 
by Hassell, Mazzeo and Melrose 40 28, 27 in the context of eta invariants 
and determinants. 



1. Introduction 

The behavior of global spectral invariants of Laplace-type operators under var- 
ious deformations plays an important role in different areas of mathematics and 
physics. For example, the behavior of effective actions under conformal transfor- 
mations has been intensively studied |H Q31 HU H7J [TH1 [H] . The main reason for 
these studies is that exact results for a given operator may sometimes be obtained 
by transforming to a simpler operator where the answer is known [8]. This has 
applications in quantum field theories in curved space times [U El El 110] and in 
finite temperature theories in static spacetimcs [jjJl [20l [32] • Also the change of the 
effective action when deforming the boundary of a region can be studied this way 

[HE]. 

Mathematically the analysis of effective actions amounts to the evaluation of 
functional determinants as they have been introduced by Ray and Singer [54] to give 
a definition of the Reidemeister- Franz torsion |25] . The above mentioned conformal 
transformation properties have been crucial in the proof of extremal properties 
of determinants [71 H7J. But also completely different transformation properties 
have been analyzed. In particular, the behavior of determinants of Laplace-type 
operators with respect to certain singular deformations has been analyzed in great 
detail. One type of deformation is a literal cut and paste decomposition formula for 
the determinant when the underlying manifold is cut along a dividing hypersurface 
into two manifolds with boundary. This was initiated by Burghelea, Friedlander 
and Kappeler [IT] with further developments in, e.g., [T2 ] |27 [ [30 l [36| |38l [46j [57] . 

The main focus of this paper is on a different type of deformation, called analytic 
surgery (although we do have something to say about "cutting and pasting" — see 
Section [4]) . This method was introduced to study the behavior of the eta and 
functional determinant invariants of Dirac- and Laplace-type operators when a 
collar neighborhood of a dividing hypersurface of a closed manifold is stretched to 
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a cylinder of infinite length, or when a collar neighborhood of the boundary of a 
manifold with boundary is stretched to an infinite cylinder. The limit manifolds 
under analytic surgery are noncompact complete manifolds and there are additional 
complications due to the presence of a continuous spectrum, which can be addressed 
using techniques such as Melrose's 6-calculus [41]. To our knowledge, analytic 
surgery was first discussed geometrically, in the context of the eta invariant, by 
Singer |55j , and the first papers to systematize the analysis of such degenerations 
for the eta invariant and functional determinant were provided by Douglas and 
Wojciechowski [151 1591 160] (who named the process taking the adiabatic limit) and 
by Hassell, Mazzeo and Melrose [271 [28l |40] , from which we get the terminology 
analytic surgery. Later related developments are given by various authors in [13| I36[ 
EH ESU E3 ES mi [SOI [52]. The methods of ES] and [271 Ell EQ] are quite different. 
The former is based on heat kernel estimates with a systematic use of the Duhamel 
principle for the heat kernel. The latter is based on encoding the degeneracy of 
the Schwartz kernel of the resolvent uniformly as the cylinder is stretched in an 
appropriate blown- up manifold [41] . It is this latter method on which the present 
paper is based, with the exception that a gluing-type formula is used to bypass the 
surgery calculus of Hasscll-Mazzco- Melrose to directly analyze resolvents using the 
6-calculus EJ. 

A seemingly different area where the change of spectral properties is relevant is 
the Casimir effect; see, e.g., [23l [24J [31] E3 EI] • Calculations of Casimir energies 
are often plagued by divergencies and suitable subtractions need to be made. This 
need is based on the fact that only energy differences between two states have a 
physical meaning. By comparing suitable configurations infinities cancel and finite 
answers are obtained. In this context it would be most desirable to know how the 
Casimir energy changes when one of these configurations is deformed into the other, 
where typical deformations would be a change in the geometry of an object or a 
boundary condition. The change between configurations in suitable classes would 
be finite by construction and no ambiguities would arise [56]. 

Several approaches to analyze the Casimir energy are available. Technically 
closest related to the topic of functional determinants is the zeta function method. 
Assuming a discrete spectrum Ai < A2 < ... — > 00 of the Laplace-type operator A, 
the zeta function is defined by 

C(A, s )=Tr(A- s )=^Ar, 

i 

where 5fts of the complex parameter s needs to be sufficiently large such as to 
make this sum convergent [58]. The determinant is then defined by (d/ds)\ s =o((s), 
whereas the Casimir energy is related to (the finite part of) ((s = —1/2). If 
in addition to the above mentioned transformation properties for determinants 
analogous properties were to exist for the Casimir energies, it would seem natural 
to assume that suitable relations should not just hold at s = and s = —1/2, 
but in fact for all values of s. This is exactly what the present article is about. 
Although our initial goal was to find relations between Casimir energies for different 
configurations, the just mentioned observation led us to analytic surgery formulas 
for zeta functions valid for all values of the complex parameter s. The results 
obtained are described and summarized in the following. 
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1.1. Stretching manifolds with boundary. Let A be a Laplace-type opera- 
tor on Mo, a compact Riemannian manifold with boundary and let Y = 8Mq. 
Throughout this paper, 'Laplace- type' means a symmetric (formally self- adjoint), 
nonncgative, second order differential operator acting between sections of a Her- 
mitian vector bundle whose principal symbol is the underlying Riemannian metric. 
For notational simplicity we will always leave out vector bundles from our notations 
and pretend our operators are acting on functions. We assume that Mq has a collar 
neighborhood 

Mo = K0]xy 

over which A = — d% + Ay where Ay is a Laplace- type operator on Y. Here, we 
identify the original boundary of Mq with {0} x Y. Let N T = [0, r] x Y and let M r 
be the manifold obtained from Mq by attaching the cylinder N r to DMq, 

AI r = M Uy N r ; 

see Figured] 

M r 




N r = [0,r]xY 



FIGURE 1. Sticking the cylinder N r = [0,r] x Y onto M forms M r . 

The Laplace-type operator A has a canonical extension to M r (as do all the 
geometric structures on M ) and putting Dirichlct boundary conditions on dM r = 
{r} x Y, we denote the corresponding Dirichlct Laplacian by Aj\/ r . We put 

M oo =M Uy ([0,oo) x Y), 

which is a manifold with cylindrical end. We let Aoo be the canonical extension 
of A to Moo. Let C(AM r , s) denote the zeta function of the operator Ajvf r and let 
CCAjWoo , s) denote the &-zeta function of Am^ , which was introduced by Piazza |53| 
and is a natural generalization of the zeta function of compact manifolds to man- 
ifolds with cylindrical ends [41]. An equally natural generalization is the relative 
zeta function studied in [3D] 05] . As in [35] we put 

£y( S ) := r( ^ /2) C(A y , a -l/2), 

where £(Ay, s) is the zeta function of Ay. The following is our first result. 

Theorem 1.1. Assume that ker Ay = {0} and ker A m = {0}. Then for r > ro 
for some ro > 0, as meromorphic functions of s € C we have 

C(A Mr ,s)~^Y (s) = b C(A Moo , a) - \c(Ay , s) 

modulo an entire function of s that vanishes exponentially fast as r — > oo uniformly 
on compact subsets ofC. In particular, as meromorphic functions o/s£ C, 
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By "modulo an entire function of s that vanishes exponentially fast as r — > oo 
. . ." we mean that 

C(A Mr ,s) - r -Z Y (s) = fc C(A^,s) - |C(Ar,s) + f(r,s), 

where f(r, s) € C°°((ro, oo) x C) is an entire function of s E C such that given any 
compact subset A'CC there are constants c, C > such that for all r > rg and 

s e K, 

\f(r,s)\<Ce- cr . 

We remark that Theorem 1 1 . 1 1 also holds if Mo has boundary components other than 
Y, but only Y is stretched leaving the other ones fixed; at the other boundary com- 
ponents we put local boundary conditions such as Dirichlet boundary conditions. 

Taking the derivative of both sides of the equality in Theorem 11.11 and setting 
s = 0, we recover Lee [37] and Miiller and Midler's [46] analytic surgery formulas 
for ^-regularized determinants. (The formulas in |37H46j were not in terms of 6-zeta 
functions but our formula is equivalent to theirs.) 

Corollary 1.2. With the same assumptions as in Theorem ] 1. 1[ we have the fol- 
lowing analytic surgery formula for zeta-regularized determinants: 

lim e S^det(A Mr ) - (dct(Ay))- 1 / 4 det & (AA/ =0 ). 

r— >oo 

1.2. Stretching closed manifolds along an interior cylinder. Now let A be 

a Laplace-type operator on M, a closed (= compact without boundary) Riemann- 
ian manifold, and let Y C M be an embedded codimension one hypersurface that 
divides M into two connected components, the closures of which are smooth man- 
ifolds with boundary Mi and M 2 with a common boundary Y := dMi = <9M 2 ; see 
Figure [5] We assume that M has a collar neighborhood 

M ^ [-1,1] x Y 

over which A = —3^ + Ay where Ay is a Laplace-type operator on Y. Here, we 
identify the original dividing hypersurface with {0} x Y. 




Figure 2. M = Mi Uy M 2 . 

Now let N r = [— r, r] x Y and put 

M r = Mi U { _ r}x y N r U {r}x y M 2 ; 

in other words, we replace the dividing hypersurface Y in the manifold M by the 
cylinder N r and then glue along the ends; see Figure [3] The Laplace- type operator 
A has a canonical extension to M r , which we denote by Aj,/ r . For i = 1,2, we put 

M i)00 =MiU y ([0,oo) x Y), 

which is a manifold with cylindrical end. We let Ai i00 be the canonical extension 
of Ajvf|Mj to Mj i00 . Let £(AM r ,s) denote the zeta function of the operator Ajvf r 
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M r 




/ \ 
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N r = [ — r,r]xY 




Figure 3. Replacing the hypersurface Y in M by the collar N r 
[— r, r] x Y forms the stretched manifold M r . 



and \(AMi „,,s) (i = 1,2) denote the 6-zeta function of Am, „• The following is 
our next result. 

Theorem 1.3. Assume that ker Ay = {0} and ker Ai jQO = {0}, i = 1,2. TTien /or 
r > r o /or some ro > 0, as meromorphic functions of s e C we have 

C(A Mr , s) - r£ y (s) = 6 C(Am 1i00 , s) + b C(AA/ 2 ,„ , *) 

modulo an entire function of s that vanishes exponentially fast as r — > oo uniformly 
on compact subsets of C. In particular, as meromorphic functions of s G C, 

lim [C(A Mr , s) - rf y («)] - ^(A tfl „ , s) + "C(A M2 „ , a). 

r— >oo 

We remark that this theorem holds as stated if M has a boundary as long as 
dM does not intersect Y, and at dM we put suitable boundary conditions such as 
Dirichlct boundary conditions. 

Taking the derivative of both sides of the equality in Theorem 11.31 and setting 
s = 0, we recover Lee [37] and Miiller and Muller's [35] analytic surgery formula 
for ^-regularized determinants. 

Corollary 1.4. With the same assumptions as in Theorem ] 1.31 we have the fol- 
lowing analytic surgery formula for zeta-regularized determinants: 

lim e r &(°) det(A Mr ) = det fe (A Ml J ■ det 6 (A M2 J. 

r— >oo ' 

For our last result, let us call Mi jT . and M2, r the left and right-hand manifolds 
with boundary obtained by slicing M r at {0} x Y; see Figure |4] Put Dirichlct 



M r 




Afl, r 



FIGURE 4. Separating M r into Mi <r and M 2 , r . 



boundary conditions at {0} x Y and let Am 4 r denote the corresponding Dirichlct 
Laplacians on Mi >r (i = 1,2). The following theorem is our final result, which 
follows trivially from Theorems 11.11 and 11.31 
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Theorem 1.5. Assume that ker Ay = {0} and ker Ai j00 = {0}, i = 1,2. Then for 
r > ro for some ro > 0. as meromorphic functions of s € C we have 

C(A Mr , a) - C( A A/l . r , a) - C(A M2 , r , s) = ±C( Ay , s) 

modulo an entire function of s that vanishes exponentially fast as r — > oo uniformly 
on compact subsets of C. In particular, as meromorphic functions o/seC, 

Urn [C(A A/r , S )-C(AM lr ,s)-C(A M2r , S )] =ic(Ay,s). 

r— »oo Z 

Taking the derivative of both sides of the equality in Theorem 1 1 . 5 1 and setting s = 
0, we recover a particular case of Park and Wojciechowski's adiabatic decomposition 
formula [12 ED [52]. 

Corollary 1.6. With the same assumptions as in Theorem \1.5[ we have the fol- 
lowing analytic surgery formula for zeta-regularized determinants: 

, ,a dCt ? A , M "L V = det(Ay)V*. 

r^cx, det(A Ml , r ) • det(A M2 ,J 

Wc now outline this paper. We start in Section [2] by presenting analytic surgery 
formulas in the model case of a pure product cylinder, results we will need later. In 
the spirit of [41] . our operators are defined via their Schwartz kernels and for this 
reason, in Section [3] we study trace theorems for operators whose Schwartz kernels 
are continuous (but not necessarily trace-class in the functional analytic sense). 
Next, in Section following the arguments in |38j we present a gluing formula 
for the zeta function when the underlying manifold is cut into two pieces along a 
dividing hypcrsurface. We use this gluing formula in Section[S]to prove the analytic 
surgery theorems in the introduction, modulo some details on Dirichlct-to-Neumann 
maps which we will present in the Appendix. 

2. Simple examples of analytic surgery 

For pedagogical reasons, before going through the details of our main results, we 
present these analytic surgery formulas in the simplest possible nontrivial setting, 
a pure product cylinder, results we will need later anyhow. This simple situa- 
tion illustrates the importance of the invertibility assumptions placed on the cross 
sectional Laplacians in the main theorems. 



N r = [0, r] x Y M r = [-r, r] x Y 




Figure 5. Product cylinders. 



Let Y be a closed Riemannian manifold and let Ay be a Laplace-type operator 
on Y, not necessarily invertiblc; in particular, the spectrum of Ay consists of 
nonnegative eigenvalues. For r > 0, consider the cylinder N r = [0,r] x x Y (see the 
left-hand picture in Figure [5]) and the Laplace- type operator 

-81 + Ay 
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on N r , for which we impose Dirichlet boundary conditions and denote the resulting 
operator by Ajv r ■ In this case we can easily and explicitly analyze the r — > oo be- 
havior of the zcta function on N r . In the following proposition, Cr( s ) : — S^°=i n ~ s 
is the Ricmann zeta function. 

Proposition 2.1. As meromorphic functions on C we have 

^, . \ t i \ 1 . ^ / * f 2s dimkcr Ay „ , 

2.1 C Aiv rl s = -fr s - -C A y ,s ) + «(r,s) + Ts Cr (2s , 

2 2 7r^ s 

where £y(s) := ~?=W~) C(Ay,s — 1/2) fflrlc ^ K(r, s) is an entire function of s that 
vanishes exponentially fast as r — > oo uniformly on compact subsets of C; more 
explicitly, n(r,s) € C°°((0,oo) x C) and is an entire function of s <G C suc/i that 
given any compact subset K C C i/iere are constants c, C > suc/i i/iai 

|«(r,*)| < Ce~ cr , r > 1, s e K. 

Proof. In |34j there is a simple proof of the formula for C(Ajy r , s) using the contour 
integral methods described in |33j and developed in [31 01 |B], with «;(r, s) given by 

„ (r> S ) = £ ™ r «- 2s ^- log (l - e-^V^) du> 

where the /x^'s are the eigenvalues of Ay. From this explicit formula it is not 
difficult to verify the decay properties of n(r, s). □ 

If Aqo = — d^ + Ay on the infinite cylinder [0, oo) x Y with Dirichlet conditions at 
{0} x Y, then in [351 Sec. 2] it was proved that X(A oc ,s) = -i((A Y , a). Assume for 
the rest of this section that ker Ay = {0}; in particular the last term in equation 
(|2.1j) of Proposition 12.11 vanishes. Hence, equation (|2.1j) reads: As meromorphic 
functions on C we have 

C(A Nr ,s) = ^ Y (s) + "C(Aoo, s) - Jc(Ay, s) + K(r, a). 

This is exactly Theorem 1 1.1 1 for the situation at hand. 

Now consider — 9| + Ay on the manifold M r = [—r,r] x Y where we impose 
Dirichlet boundary conditions. Then replacing r by 2r in equation (|2.1[) it follows 
that 

(2-2) C(A Mr ,s) =r£y(s) - ^((Ay, s) + «(2r, a). 

Recalling that X(^oo,s) — — i£(Ay,s) we obtain 

C(A Mr , s) = rfr (s) + "C(Aoo , s) + XiAcc , a) + k{2t, s) , 

which is Theorem 1 1.31 in this pure cylinder situation. 

Finally, with M\ }T = [— r, 0} xY and M 2>r = [0, r] x Y and denoting by Ai >r and 
A2, r the respective Dirichlet Laplacians, by Equation (|2 . 1 [) we have 

C(A Ml r , s) = C(A A / 2 , r , a) = ^y(s) - 7^C(Ay, s) + «(r, s). 
Combining this equality with (|2.2[) we get 

C(A Mr , a) - ((A Mlir , a) - C(A A / a . r , a) = ^((A Y ,a) + n{2r, a) - 2«(r, a), 
which implies Theorem 11.31 in this pure cylinder situation. 
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Remark. By equation (|2.1j) of Proposition 12.11 in the case that kerAy 7^ {0}, 
each of the zcta function decomposition formulas above are off by terms related to 
the function 

r 2s dimker A Y r , , 

where £r is the Riemann zeta function. The function g(r, s) is "bad" in comparison 
to K(r,s): The function g(r,s) is not an entire function of s for any r > (it has 
a pole at s = 1/2 for all r > 0) and \g(r, s)\ does not vanish exponentially fast 
as r — 7- 00 (and for 3?s > 0, it even increases as r — > 00). This simple example 
explains why the main results of this paper hold only in the case Ay is invcrtiblc. 
Throughout the rest of this paper we shall point out various details where the 
invertibility assumptions are crucial. 

There arc two possible ways to deal with the non-invertible case. The first way 
is to try and adapt the logarithmic surgery pseudodiffcrential calculus of Hassell, 
Mazzeo and Melrose [UJ [2H1 ED] ■ However, their situation is different from ours as 
they do not stretch the manifold in the same way we do; they stretch it using a 
fixed manifold and deform the metric into a cylindrical end (or b-) metric. They 
get very precise results for the resolvent and heat kernel under the deformation and 
hence can get a precise understanding of the zeta function; see Section 5 of |27j . 
The second way is to make further assumptions on the Laplacian. For example, one 
could try eigenvalue assumptions on Am,, as was done in Park and Wojciechowski 
[501 151[ I52j or consider certain types of Laplacians such as connection Laplacians 
as in Miiller and Miiller's paper [46] . 

3. Trace theorems 

In this section we study trace theorems for operators whose Schwartz kernels are 
continuous (but not necessarily trace-class in the functional analytic sense). 

3.1. Continuous kernels. Let M be a Riemannian manifold that is either com- 
pact with or without boundary, or a manifold with cylindrical end which means 
that M has a decomposition 

M = M U Z ([0,00), x Z), 

where Mq is compact with boundary Z = 8Mq and the metric g on M is, on 
the cylinder, of product type g = dx 2 + gz where gz is a metric on Z . We shall 
denote by C(M) the space of linear maps A : L 2 (M) — > L 2 (M) with a continuous 
rapidly decreasing Schwartz kernel in the sense that the Schwartz kernel A(z, z') is 
a continuous density on M x M that is rapidly decreasing (along the cylinders) in 
the case M has cylindrical ends. Here, 'rapidly decreasing' means the following. Let 
x denote the variable along the cylinder and extend x to be a smooth function on 
the rest of M. Then using x, respectively x' , to denote the corresponding variable 
on the first, respectively second, factor of M x M, 'rapidly decreasing' means that 
for any a,b € N, the density 

x a {x') h A{z lZ ') 

on M x M is bounded. For notational convenience, throughout this paper we 
identify operators with their Schwartz kernels (via the Schwartz kernel theorem 
- see [42]). However, it will always be clear from context when we are in the 
linear map viewpoint or kernel viewpoint; note that Schwartz kernels are usually 
accompanied by variables such as A(z, z'). 
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Given A £ C(M), we define the trace of A by integrating the density A(z, z) over 
M: 

(3.1) Tr M (A) := f A{z,z). 

This gives a linear map 

Ti M ■ C{M) -> C. 

It is well-known that an operator A £ C(M) may not be trace-class in the functional 
analytic sense. For example, Du Bois-Reymond [35l p. 67] (cf. also (22], (2S1 p. 71]) 
in 1876 constructed a continuous function a : S 1 — > C with Fourier series 

a(x)~]>>e fc , 

fcGZ 

such that X^feez l c fcl = 00 ■ Define A : L 2 (§ : ) — > L 2 (§ 1 ) by its Schwartz kernel 

A(x,y) = a(x - y) dy; 
thus as an operator, A is the convolution operator 

Au{x) = \ a(x — y)u(y) dy for all u £ i 2 (S 1 ). 
Js 1 

For fceZ, putting ^ = -^.e' , observe that {(pk}kez is an orthonormal basis of 
L 2 ^ 1 ) and 

Aip k = c k fk- 

Since 

^2\(A<p k ,tp k ) \ = \ck\ = oo, 

itez feez 
it follows that ^4 is not trace class. However, even though operators in C(M) may 
not be trace-class in the functional analytic sense as the simple example showed, 
the map 

Tr M : C(M) -> C 

has all the nice properties that the functional analytic trace does; for example, 
it vanishes on commutators and it is continuous with respect to any appropriate 
topology on continuous functions. 

We shall call an operator A : L 2 (M) — > L 2 (M) pseudo continuou^ if for any 
bounded continuous functions tp, tp on M with disjoint supports, one of which with 
compact support, we have 

ip A^ £ C(M). 

This is equivalent to saying that the Schwartz kernel A(z, z') of A is continuous 
and rapidly decreasing off the diagonal in M x M, where 'rapidly decreasing off 
the diagonal' only pertains to the case when M has a cylindrical end; thus, the 
function ip(z)ip(z')A(z, z') is a rapidly decreasing continuous density on M x M . 

Let Y C M be a closed codimension one submanifold of M situated in the 
interior of M. Let 7 : C°°(M) — > C°°(Y) be the restriction map and let 7* be its 
adjoint, which is given by multiplying with the delta function concentrated on Y; 
that is, for ip £ C°°(Y), 7*(V>) is the distribution on M defined by 

7*(V>) := ipS Y 



Pseudo continuous is supposed to be a continuous version of pseudo locality. 
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where 6y is the delta function on Y. We use the notation ty m (M) to denote 
the space of pseudodiffcrential operators of order m £ K on the manifold M (for 
background on pseudodiffcrential operators, see e.g. [32] ). We say that an operator 
A : L 2 (M) -> L 2 (M) is in * TO (M) near Y if there is a function <p £ C°°{M) 
supported near Y with tp = 1 near Y such that 

(3.2) pAyj € * m (M). 

The notion of 'near Y' will be used in the sequel in various places. This is equivalent 
to saying that on some neighborhood of Y x Y in M x M, the Schwartz kernel of A 
agrees with the Schwartz kernel of an element of 1 $ m (M). In the following theorem 
we relate traces on M to traces on Y. 

Theorem 3.1. Let m,m',m" £ M with m,m' < —2 and where at least one of 
m,m',m" equals — oo. Let A,B : L 2 (M) — > L 2 (M) be pseudo continuous operators 
and suppose that near Y we have A £ * m (M) and B £ * m '(Af) and let S £ 
# m "(Y). Then ^BA-y*S £ C{Y), that is, 

jBAj*S : L 2 (Y) -> L 2 (Y) 

and has a continuous kernel. Moreover, Aj*SjB £ C(M), that is, 

A>y*SjB : L 2 (M) -> L 2 (M) 

with a continuous rapidly decreasing Schwartz kernel. Furthermore, 

Tr M (A 1 *S 1 B) = Try ( 7 BA 7 *S). 

Proof. By definition of pseudo continuity (in fact, this is why this notion was intro- 
duced) and the fact that 7 and 7* arc only relevant near Y, we can reduce to the 
case when A and B are supported on a collar (— e, e) x Y of Y where we identify 
{0} x Y with the original hypersurface Y. In particular, by taking e > sufficiently 
small we may assume A £ ty m {M) and B £ ^> m (M). By taking a partition of unity 
of Y, we can further reduce to the case when Y is Euclidean space. To summarize, 
we may assume that M = (— e, e) x Y where Y is Euclidean space, A £ fy m (M), 
B £ f m '(M), and S £ W m " (Y) all have compact support. 

Step 1: Some notations in Steps 2-4 are a little confusing so we briefly introduce 
the notations here in Step 1. We denote the coordinates on Y by y, and we denote 
by [x,y), respectively, (x',y'), the coordinates on the left, respectively right, factor 
in M x M. Consider integral operators 

J : L 2 (Y) -> L 2 (M) , K : L 2 (M) -> L 2 (Y) , L : L 2 {Y) -> i 2 (Y) 

with continuous Schwartz kernels, and denote their Schwartz kernels by J(x,y,y'), 
K(y,x',y') and L(y,y'), respectively. Thus, given tp £ L 2 (Y), the function Jip £ 
L 2 (M) is given by 

(JiP)(x,y) = J J(x,y,y')^(y')dy', 

the function Lip £ L 2 (Y) is given by (Lip)(y) = J L(y,y') ip(y') dy' . Finally, given 
ip £ L 2 (M), the function K<p £ L 2 (Y) is given by 

(K<p)(y) = J Kiy^'^^x'^dx'dy 1 . 

Our first observation is that if x £ (— e, e) is fixed, then we can define an operator 

J{x) : L 2 (Y) -> L 2 (Y) 
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in the obvious way: Given ip G L 2 (Y), J(x)ip £ L 2 {Y) is the function 
(J(x)^)(y) := (JiP)(x,y) = [ J{x,y,y')i>{y') dy> '. 



Similarly, if x' G {—£, £) is fixed, then we can define an operator 

K{x') : L 2 {Y) -> L 2 (F) 
as follows: Given ip G L 2 (Y), K(x')tp G ^ 2 (^) is the function 

(K(x'W)(y) := /" K{y,x',y')^{y')dy'. 

Our second observation is that we can relate composition of operators on M — 
(— e, e) x Y to composition of operators on Y. Consider, for example, J and L. We 
have J : £ 2 (T) L 2 (A7) and L : L 2 (F) L 2 (F), so 

JoL: L 2 (Y) L 2 {M). 

We claim that the Schwartz kernel of this operator is 

(3-3) (J o L)(x, y, y') = (J(x) o Y L)(y, y'), 

where the subscript Y in J(x) oy L refers to the composition of the operators 
J(x) : L 2 (Y) -> L 2 {Y) and L : L 2 (Y) -> L 2 (Y) as operators on Y. To prove (f3~3]) 
we simply compute: Given tp G L 2 (Y), (J o L)ip G L 2 (M) is the function 

{J{L^)){x,y)= f J(x,y,z)(LiP)(z)dz= f J{x,y,z)(J L(z,y')^(y')dy')dz 

( / J(x,y,z)L(z,y') dz^ip(y')dy'. 
It follows that the Schwartz kernel of J o L is 

(J oL)(x,y,y') = / J(x,y,z)L(z,y')dz, 



which is exactly (J{x) o Y L)(y, y') as can be readily checked. Similarly, we have the 
following formulas: J o K : L 2 (M) —> L 2 (M) has the Schwartz kernel 

(3.4) (J o K)(x, y, x\ y') = (J(x) o Y K{x')){y, y'), 
and finally, K a J : L 2 {Y) — > L 2 (Y) has the Schwartz kernel 

(3.5) (K o J)(y, y') = f (K(x) o Y J(x)){y, y') dx. 



Step 2: We now consider A. The Schwartz kernel of A is of the form (dropping 
density factors for simplicity) 

A{x,y,x',y') = f e *(*-»')f+<(i'-v')-«7 a (x,y,£,r))d£dri 



where a(x, y, £, rj) is a symbol in (£, 77) (the dual variables to (x, y)) of order m and 
d£ = e?£/27r and dij = dr) / (2ir) AlmY . Since {0} x Y is the original hypcrsurfacc 
in M, 7* is multiplication by the delta function at x = 0, so it follows that the 
Schwartz kernel of A7* is 

A 1 *(x,y,y')= [ e^ +i ^')-"a(x,y,e,r;)^. 
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By assumption, to < —2, so the integral 

a{x,y,rf):= \ e lxi a(x, y, £, r])d£, 



is absolutely convergent, and moreover it is easy to check that a(x, y, 77) is a symbol 
of order to in 77 that is smooth in y and continuous in x (it may not be smooth in 
x unless to = —00, but all we need is that it is continuous in x), and 

A-f{x,y,t/) = ( e^y-y'^ a{x,y,r,)dr,. 



By the properties of a it follows that for fixed x G (— e, e), in terms of the variables 
(77, y'), A'y* (x, y, y') is the Schwartz kernel of an element of ^ m (Y). We denote this 
element by Ay*(x). It's clear that x i-> A 7 *(x) G ^ m (y) is continuous. 

Now, since S G * m "(Y), by (UTS) with J = A 7 * and L = S, it follows that 

(A 7 *S)(x,y,2/) = ((A 7 *)(x) o y S)(y,7/). 

We remark that technically speaking, the derivation of (|3 . 3[) used the fact that J 
and L had continuous Schwartz kernels, and A-y* and 5* may not have continuous 
Schwartz kernels (unless m and m" were sufficiently negative); however, we can 
still apply (|3.3|) by the standard continuity arguments, see Chapter 2 of [55]. Since 
A 7 *(x) G * m (Y) and 5 G # ro "(Y), it follows that 

(A 7 *S)(x) := A 7 *(x) o y Se if™+™"(y) 

is a family of pscudodiffercntial operators on Y of order to + m" depending contin- 
uously on x. 

Step 3: Now let us consider jB. On the collar, the Schwartz kernel of B is of 
the form 

B(x,y,x f ,y')= f e^-^^'^ b(x,y,C,v)mv, 



where 6(x, y, £, 77) is a symbol in (£, 77) of order to'. Thus, recalling that 7 is restric- 
tion to {0} x Y, the Schwartz kernel of 7 -B is 

jB(y, x', 77') = y e -™'t+i(y-y'>r, 6(0j Vj ^ 

Recalling that to' < —2, it follows that the integral 

/3(x', 77, 77) := / e- te '« &(0, y, 77)^ 



is absolutely convergent and defines a symbol of order to' in 77 that is continuous 
in x' and smooth in 77, and 

( 1 B)(y,x',y') = ( e I ^'>"/3(x', 77,77)^77. 



Directly from this formula we observe that for fixed x' G (—e,e), in terms of the 
variables (77,77') we have jB(x') G * m '(F) and moreover, x' n- jB(x') G (Y) 
is continuous. 

Step 4: We now put Steps 1-3 together to prove our result. First, by (|3.4p with 
J = A^*S and K = 7 B, observe that the Schwartz kernel of A^*S^B = A 7 *S o B 
is given by 

(3.6) (A 7 *S 7 5)(x, y, x', 77') = ((A 7 *S)(z) °y (tW))^ y')- 
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Since (AY"S)(x) € ^ m+m " (Y) and {jB)(x') e * m '(T) depend continuously on a; 
and a;', respectively, it follows that 

(x,x') i— > (A7*S)(a?) °y (7B)(a/) £ $ m +™'+™"(y) 

is a continuous map. By assumption, at least one of m, m', m" is -co, so this con- 
tinuous map is a map into the smoothing operators on Y. Therefore, the Schwartz 
kernel Aj* S~/B(x,y, x' ,y') is smooth in (y,y') (and continuous in (x,x'))] in par- 
ticular, we have a map 

A^S-fB : L 2 {M) -> L 2 {M) 

with a continuous Schwartz kernel. Second, in view of (|3.5p with i-C = 7B and 
J = A7*S', observe that the Schwartz kernel of jBA^S = jB o Aj* S is given by 

(3.7) ( 7 BA<y*S)(y, y') = J (( 7 B)(x) o Y (A 7 *S)(x))(y, y') dx. 

Since (jB){x) € <f> m ' (Y) and {A 7 *S){x) € * m + m "(F), 

.x h- ( 1 B)(x) o Y (A 1 *S)(x) e *™+™'+™"(y) 

is a continuous map into the smoothing operators, since at least one of to, to', to" 
is —00. Therefore, 7 BAy*S is in fact a smoothing operator on Y and hence in 
particular has a continuous Schwartz kernel. To see the trace property, note that 
by (|3.6j) . we have 



Tr M (Aj*SjB) = J J^(A 1 *S 7 B)(x,y,x,y)dydx 

= J (J((A~/*S)(x)o Y ( 7 B)(x))(y,y)dy 
(3.8) = jTr Y {{A'y*S)(x)oY('YB)(x))dx. 

On the other hand, by (|3.7|) . we have 

Try (7^7*5) = J( 1 BAj*S)(y,y)dy 



((jB)(x) o Y (Aj*S)(x))(y, y )dx)dy 
(hB)(x) o Y (A 7 *S)(x))(y,y) dy)dx 
(3.9) = / Tr Y (( 7 B)(x) o Y (Aj* S)(x)) dx. 



Since for each x € (— e,e), ( 7 B)(x) and (Aj*S)(x) arc pscudodiffcrcntial operators 
on Y, one of which is of order —00, it is well known that (see [42l Ch. 3]) 

Try(( 7 B)(x) o Y (A 7 *S)(x)) = Try ((,47*5) (x) o Y ( 7 B)(x)). 

Hence, (JSISj) and fl3J]) are identical, so Tr M (Aj*S~fB) = Try (7S A 7 * S) , and our 
proof is complete. □ 
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3.2. A relative trace theorem. Using Theorem l3.1l we derive the following result 
that will be used to prove a gluing formula (Theorem l4.3[) . Recall that M is either 
a compact manifold (with or without boundary) or a manifold with cylindrical end 
and Y is a closed codimension one submanifold in the interior of M. 

Theorem 3.2. Let A\, B\, A 2 , B 2 : L 2 (M) —> L 2 (M) be -pseudo continuous such 
that near Y they define operators in &~ (M) and such that, near Y, A\ — B\ € 
*-°°(M) and A 2 - B 2 e tf-°°(Af), and let S,T e #*(Y) such that S -T e 
ip-oc (YJ. Then we have L 2 maps 

A 11 *S-fA 2 - Bi7*T7B 2 : L 2 (M) -> L 2 (M) 

and 

1 A 2 A ll *S - jB 2 B l7 *T : L?{Y) -> L 2 {Y) 
that have continuous Schwartz kernels. Moreover, 

Tr M (A ll *S 1 A 2 - B ll *T 1 B 2 ) = Try (-fA 2 A ll *S - jB 2 B l7 *T). 
Proof. Observe that 

A^*S^A 2 - B 1 ~f*TjB 2 = 

{A 1 -B 1 ) 1 *S 1 A 2 + B ll *(S-T) 1 A 2 + B l7 *r 7 (A 2 - B 2 ), 

and 

1 A 2 A ll *S- 1 B 2 B 11 *T = 

jA 2 (A! -Bi)7*5 + 7 A 2j B 1 7*(S*-T) + j(A 2 - B 2 )B t j*T, 

so the Schwartz kernel properties follow from Theorem 13.11 since all the difference 
operators (Ai — Bi) and S — T arc smoothing near Y . Also by Theorem 13. 1[ wc 
have 

r Ti M {A 11 *S 1 A 2 -B 11 *T 1 B 2 ) 

= Tt m ((A 1 -B 1 ) 1 *S 1 A 2 + B 11 *{S-T) 1 A 2 + B l7 *T 7 (A 2 - B 2 )) 
= Tt m ((A 1 -B 1 ) 1 *S 1 A 2 ) + Tr M (BrfiS-TfrAa) 

+ Tr M (B l7 *T7(A a - B 2 )) 
= Tr Y ('yA 2 (A 1 -B 1 )i*S) + Try ( 7 A 2 B l7 *(S - T)) 

+ Try ( 7 (A 2 - B 2 )B l7 *T) 
= Try (7^2(^1 -Bi)7*5 + jA^^iS-T) + 7 (A 2 - B 2 )B^*T) 
= Try ( 7 A 2 A l7 *5 - 1 B 2 B ll *T). 

□ 

4. A GLUING FORMULA FOR THE ZETA FUNCTION 

Let M be a compact manifold with or without boundary decomposed as a union 
M = AI- Uy AI + where Y C AI is a codimension one submanifold in the interior 
of M, M± are smooth manifolds with boundary such that Y C <9A/± and Y = 
Af_ fl M_|_ ; see Figure [51 Following [35] we give a formula for the zeta function on 
M in terms of the zeta functions on M_ and M + and Dirichlet-to-Neumann maps. 
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Figure 6. Here, M is a manifold with boundary (the boundary is 
at the far right) that is partitioned into submanifolds M_ (to the 
left of Y) and M + (to the right of Y). The submanifold M has a 
similar partition. 



4.1. Dirichlet-to-Neumann maps. Let A be a Laplace-type operator on M; 
we do not assume that A is of product- type near Y. At dM we always impose 
the Dirichlet boundary condition if in fact M has a boundary. The Dirichlet-to- 
Neumann maps for M± are described as follows. We denote by A± the restrictions 
of A to M± with Dirichlet boundary conditions at Y (and also at dM(lM±). Thus, 
in Figure[6l A + has Dirichlet conditions both at Y and at the boundary of M on the 
far right and A_ just has Dirichlet conditions at Y. For simplicity we henceforth 
shall use the notation A (A) := A — A with similar notations with A replaced by 
A± or with any Laplace-type operator. Consider M + (just so that we do not have 
to use the notation ±). For A € C \ spec(A + ) and ip <S C°°(Y) we claim there is a 
unique solution <p> on M + to the boundary value problem 

(4.1) A(A)0 = on M+ and tf>\ Y = ip, 

and where <p — on dM n M+ . Indeed, with ip denoting any smooth extension of 
ip to M + vanishing at dM n M + . it is easy to check that 

0:-^-A + (A)- 1 A(A)^ 

satisfies </>|y = ip and A(A)0 = 0. Here, we recall that A+(A) -1 = (A + — A) -1 is the 
resolvent of the Dirichlet Laplacian on M + . This proves existence, and uniqueness 
follows from the fact that if cf>' has the same properties as </>, then <fi — </>' vanishes 
on Y and dM n M+, and therefore <f> — <jjf is in the domain of A+(A). Moreover, 
A + (A)(0 — 0') = 0, which implies that <f> — <f>' = because A ^ spec(A + ). Now with 
(j) satisfying (|4.1|) we define 

on y 

where ft denotes the outer unit vector field on Y for M+. This defines a map 

A/+(A) : C°°(Y) C°°{Y), 

called the Dirichlet-to-Neumann map for M+. For A G C \ (spec(A + ) U spcc(A_)) , 
we denote by 

R{\) : C°°(Y) -> C°°(y), 
the sum of the Dirichlct-to-Ncumann maps: 

(4.2) iZ(A) :=AA_(A)+AA+(A), 

where AT- (A) is defined using the outer unit vector field on Y for M_ (the vector 
— ft where ft was the outer unit vector field on Y for M+). We shall call R(X) 
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the Dirichlet-to-Neumann map for the partitioned manifold M = M— Uy M+. By 
construction, R(X) is an analytic function of A e C \ (spec(A+) U spec(A_)). One 
can show that R(X) is invcrtiblc if and only if A ^ spec(A) (cf. [TU Th. 2.1]), in 
which case 

tf(A)- 1 = 7 A(A)-y. 

The operator R(X) depends on A in a special way, described as follows. First we 
define the residue space. Let 'i>~ co (Y) denote the space of smoothing operators on 
Y. Identifying operators with their Schwartz kernels we consider 

#-°°(Y) = C°°(T x Y,Q R ), 

where is the bundle of densities over Y lifted to Y x Y on the right. With this 
identification, the space of smoothing operators \& _ °°(Y) inherits a natural Frechet 
topology. We shall call a subset A C C sectorial if outside some neighborhood of 
the origin, A equals a sector (solid angle). Given a sectorial subset A C C, we define 
^] i °°(Y) as the space of \& _00 (Y)-valued Schwartz functions on A, 

= 5(A,vf-°°(y)). 

(The Schwartz functions on A with values in any Frechet space is well-defined.) 
Now we say that a parameter dependent operator A(X), X <G A, has weight m € R 
if the following conditions are satisfied: 1) off a neighborhood of the diagonal in 
Y x Y, the Schwartz kernel of A(X) is given by a Schwartz kernel of an element of 
1 $>^ <X '(Y). 2) Locally on a coordinate patch on Y, the Schwartz kernel of A(X) is of 
the form 

A(X,y,y') = J e^-y'^ a(A,y, 
where a(A, y, rf) satisfies the estimates: Given a, /?, 7 there is a constant C such that 
(4.3) \d^d^a(X,y, V )\ < C(l + |A| + H) m -H-W. 

The following result is not difficult to verify; see [IT]. 

Proposition 4.1. For any sectorial A C C such that R(X) is defined for all A 6 A, 
the operator R{X) is analytic in X and parameter dependent of weight 1. 

Indeed, one proof follows by examining the formula R(X)^ 1 = -jA(X)^ 1 ^* in 
local coordinates and using well-known pseudodifferential facts about A(A) _1 ; this 
will show that i?(A) _1 is of weight —1, which implies that R(X) is of weight 1. 

Let M C M be a smooth manifold with boundary containing Y in its interior and 
suppose that M = M_Uy M + where M_ and M + are manifolds with boundary such 
that Y C dM± and M_ n M + = Y; see Figure 15] Later in our proof of the analytic 
surgery formulas, M will just be a collar [—1,1] x Y of Y with M_ = [—1,0] x Y 
and M+ = [0, 1] x Y. 

We now play the same game with M as we did with M. Thus, let A be the 
restriction of A to M where we put Dirichlct boundary conditions at dM and let 
A± be the restriction of A to M± with additional Dirichlet boundary conditions 
at Y. For A g C \ (spec(A+) U spec(A_)), let 

R(X) : C°°(Y) -> C°°(Y) 
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be the Dirichlet-to-Neumann map for M = M_UyM+. As before, R{X) is invertible 
if and only if A ^ spec(A), in which case 

i?(A)- 1 = 7 A(A)"V- 
The following proposition can be seen from the proof of Proposition 4.1 in |38j . 

Proposition 4.2. For any sectorial A C C not overlapping the spectra of A±, A±, 

R(\)-R(\)€*l°°(Y). 

This proposition is in some sense "obvious" because A(A) _1 and A(A) _1 have the 
identical symbolic structure near Y and it follows that A(A) -1 — A(A) -1 G *^°°(M) 
near Y (see the discussion around (|3.2[) for the notion of 'near Y'). Applying 7 and 
7* to both sides of A(A) _1 - A(A) _1 implies that R(X)- 1 - R(X)^ 1 is in #X°°( y ) 
and then using that 

R(X) - R(X) = R(X)(R(X)- 1 - i?(A)- 1 )^(A), 

and the fact that ^^°°(Y) is an ideal within the space of all parameter dependent 
operators of any weight (cf. Lemma fA. 21 for the proof of a related result) proves the 
proposition. 

4.2. A zeta function gluing formula for the compact case. We now prove 
a 'relative gluing formula' for zeta functions. For a similar result for the zeta 
determinant, see Proposition 4.4 of [38]. The notation A, A±, ... in the following 
theorem are described in Section |4*TT1 

Theorem 4.3. As meromorphic functions on C we have 
C(A_, S ) + C(A +)S )-C(A, S ) 

= f + I A^ s Tr y [R{X)- 1 R'{X)^R{X)- 1 R'{X)]dX, 

where 

/( S ) = C(A_, S ) + C(A +)S )-C(A, S ), 
r = {A £ C; 5RA = c} with c > sufficiently small, and where recall that R(X) 
and R(X) denote, respectively, the Dirichlet-to-Neumann maps for the partitioned 
manifolds AI = M_ Uy M+ and M = M- Uy M+. (The primes in R'(X) and R'(X) 
denote differentiation with respect to X.) 

Proof. Let Ac = A_ © A + , which is the Dirichlct Laplacian on the disjoint union 
M_ U M+ and let A D = A_ A+, the Dirichlet Laplacian on M_ U M + . Then 
our theorem is the equality 

(4.4) C(A D ,s) - C(A, s) - C(A D7 s) + C(A, s) 

= f A" s Try [i?(A)" 1 i?'(A)-^(A)- 1 ^'(A)]dA. 

27T J r 

We break up the proof of this equality in three steps. 
Step 1: We claim that 

(4.5) Ab(A)- 1 = A(A)- 1 - A(A)- 1 7 *i?(A) 7 A(A)- 1 , 

where we use Ad (A) and A(A) to denote Ad — A and A — A, respectively, and where 
we assume all operators in (|4.5|) arc defined at A. To prove (|4.5[) . let A(X) denote 
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the operator on the right-hand side of (|4.5[) . let / e C°°(X) where X = M_ U M+, 
and define 

u:= A(\)fe C°°(X). 

Then it follows that 

A(X)u = f in the interior of X and u\y = 0. 

Indeed, the first condition is obvious and the second condition is just a computation: 

u\ Y = 1 A{\)f = 7A(A)"7 - 7 A(A)- 1 7 *i?(A) 7 A(A)- 1 / 

= 7 A(A)- 1 /-i?(A)- 1 J R(A) 7 A(A)- 1 / 

= 7 A(A)- 1 /- 7 A(A)- 1 / = 0. 

Thus, A(X) is indeed the resolvent A^(A) -1 of the Dirichlet Laplacian Ajy(X). 
Similarly, with 

A D = A_ 8 A+, 

we have 

Ab(A)- 1 = A(A)- 1 - A(A)- 1 7 *i?(A) 7 A(A)- 1 . 
Step 2: We now prove that 

Try [i?(A)- 1 i?'(A) - i?(A)- 1 i?'(A)] 

= Tr M [A D (Xy 1 - A(A)- 1 - Ad(X)- 1 + A(A) _1 ] 

and in the process we shall verify that these traces are actually defined. In fact, 
R(X)^ 1 R'(X) — R(X)^ 1 R' (X) is smoothing because of Proposition 14. 2\ so we shall 
consider first the left-hand side. Using that 

^(r(X)- 1 )=-R(X)- 1 R'(X)R(X)- 1 i?(A)- 1 J R'(A) = -A( i?(A )-i)i?(A), 

with a similar formula for -j^R(X)^ 1 , we see that 
Tr y [i?(A)- x #(A) - ^(A)- 1 ^'(A)] 

= -Tr 



d 

dX 



Since fl(A)" 1 = 7 A(A) _1 7 * = 7 (A - A)~ V, we have 

d 

dX 

Thus, 



(r(x)- 1 )r(x)--(r(x)- 1 )r(x) 

f* , we have 
(^(A)- 1 ) = 7 A(A)- 2 7 



Try [i?(A)- 1 i?'(A) - E(A)- 1 E'(A)] 



= Tr> 



7 A(A)- 1 A(A)- 1 7 *i?(A) - 7 A(A)- 1 A(A)- 1 7 *i?(A) 



We claim that A\ — A2 = A(A) _1 and B\ = B2 = A(A)" 1 satisfy the hypotheses of 
Theorcm l3.2[ where we extend the Schwartz kernel of A(A) _1 to M x M by defining 
it to be zero off of M x M. Indeed, by properties of pseudodifferential operators, 
both A(A) _1 and A(A) _1 are pseudo continuous on M and near Y they define 
operators in \D' _2 (M) (of course, A(A) _1 is an operator in \E' _2 (M) globally). Also 
recall that A(A) _1 — A(A) _1 is smoothing near Y and R(X) — R{X) is smoothing 
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r = {A6C;» = c} 



Figure 7. The dots are the points where R(\) 1 and R(X) 1 are 
not defined (the union of the spectra of Ajj, A, Ap and A). The 
constant c > is any positive real number such that R(X)^ 1 and 
RiXy 1 are defined for A e (0,c]. 



(see Proposition 14.21 and its discussion). Thus, the conditions of Theorem 13.21 arc 
satisfied so 

K(X) := A(A)- 1 7 *i?(A) 7 A(A)- 1 - A(A)- 1 7 *i?(A) 7 A(A)- 1 
has a continuous Schwartz kernel on M x M, and 

(4.6) Try [i?(A)- x i?'(A) - i?(A)- 1 i?'(A)] = Tr M K(X) = [ K (A)| Diag d 5 , 

where Diag is the diagonal in M x M and <ig is the Ricmannian density. Recalling 
the formulas for Ad(A) -1 and Au(A) -1 in Step 1 shows that 

K{\) = Ac(A)- 1 - A(A)- 1 - Afl(A)- 1 + A (A) -1 , 

which completes the proof of Step 2. 

Step 3: We can now prove our result. Let r = {AeC; !RA = c} be as in Figure 
[7] Multiplying both sides of the equation (|4.6[) by ^X~ s and then integrating over 
r, for any seCwe have 



, A~ s Try [i?(A)~ 1 i?'(A) - E(A)- 1 i?'(A)l dX = -^- 
2tt ./r 27rj r j A/ 



A s K{X)\ uieig dgdX; 



by analyticity these integrals arc defined independent of c > chosen as in Figure [7] 
Due to Proposition 14.21 the integrand on the left is rapidly decreasing as |A| — > oo, 
A e r, so the integral is an entire function of s 6 C. Moreover, since the proof of 
Theorem 13. II was explicitly given in terms of the Schwartz kernels of the operators, 
it is not difficult to see that the function K(X) is rapidly decreasing as |A| — > oo, 
A e r, within the topology of continuous functions on M x M. Hence by Fubini's 
theorem. 



^ / / X- s K(X)\ Diae dgdX = ^ z 



r J m 



2tt 



m Jr 



X s K(X)\m s . g dXdg. 



Now 

i 

2^ 



X~ s K(X)dX = — 



A~ 



Ad(X)- 1 - A(A)- 1 - A^A)- 1 + A(A)- 1 V 
- A D S + A~ s , 
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Figure 8. The partition of the manifold with cylindrical end M. 

where the last equality holds by definition of the complex powers (here we use that 
c > is to the left of all the positive eigenvalues of Ad, A, Ad, A). Thus, 



^ j ^X- s K(X)\ mas dXdg = (A D S - A- - A D S + A" s ) 



dg 

'MJr Jm v ' Dia s 

= C(A D> s) - C(A, s) ~ C(A D ,s) + C(A, s) 

by definition of the zeta functions. We conclude that 



2tt 



r 



\- s Tr Y [R{\y 1 R'(X)-R(X)- 1 R'(\)]dX 



= ((A D ,a) - C(A, a) - C(Ad, a) + C(A, a) 
as required. □ 

4.3. A zeta function gluing formula for the 6-case. Theorem 14.31 extends 
in a direct manner to manifolds with cylindrical ends — with no changes except 
replacing zeta functions with 6-zeta functions! Let M be a manifold with cylindrical 
end decomposed as a union M = M_ U M + of smooth manifolds with boundary 
and possible cylindrical ends that intersect in a compact codimension one manifold 
Y C M such that Y = <9M_ = dM + ; see Figure E Although both manifolds M± 
in Figurc[5]have cylindrical ends, one of them could in fact be compact (later in our 
proofs of the analytic surgery formulas, we shall consider exactly this situation). 

Let M C M be a smooth manifold with boundary, and possibly containing a 
cylindrical end, containing Y in its interior and suppose that M = M- Uy A/+ 
where M_ and M + arc manifolds with compact boundaries and possible cylindrical 
ends such that Y C dM± and M_ n M+ = Y. Although both manifolds M± in 
Figure [5] are compact, they could in fact have cylindrical ends; however, later in 
our proof of the analytic surgery formulas M will just be a collar [— 1, 1] x Y of Y 
with A?_ = [-1,0] x Y and M+ = [0, 1] x Y. 

Let A be a Laplace-type operator over M that is of product-type over the cylin- 
der, where product-type means that over the cylinder [0,00)2 x X where X is the 
cross-section (possibly disconnected — in Figure [51 X has two components) of the 
cylinder, we have 

A = -d 2 x + A x 

where Ax is a Laplace- type operator over X. We assume that the induced cross- 
sectional Laplace-type operator Ax is invertible. We use A±, A, A±, R(X), R(X), 
to denote the analogous operators as studied in Section 14.11 but now in the cylin- 
drical end case. Under the invertibility assumption on Ax, it is well-known (e.g. 
using the 'large' 6-pscudodiffcrcntial calculus of Melrose, also called the 'calculus 
with bounds' H2 Sec. 5.16]) that the operators A±, A, A±, R(X), R{X) have much 
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of the same properties as in the closed case. For example, each operator A, A±, A, 
A± is Fredholm and has spectrum consisting only of a set of nonnegative real num- 
bers that is discrete near and continuous outside of some neighborhood of 0. (See 
[41"1 Prop. 6.27] — the bottom of the continuous spectrum of each operator begins at 
the smallest positive eigenvalue of the cross-sectional Laplace-type operator on the 
cylindrical end of the manifold over which the operator is defined.) The Dirichlet- 
to- Neumann map R(X) is defined and analytic for A € C \ (spcc(A_) U spcc(A + )) 
and is invertible if and only if A ^ spec(A), in which case 

(4.7) R(X)- 1 = 7 A(A)-y\ 

In particular, i?(A)~ x exists for all A € C \ [a, oo) for some a > except for some 
discrete subset of [0, a). A similar statement holds for i?(A), and Proposition 14.21 
holds. We can now follow the proof of Theorem 14.31 word-for-word in this cylindri- 
cal end setting. We remark that in Section [3] we emphasized 'rapidly decreasing 
Schwartz kernels' when defining traces and pscudo continuity; the reason for doing 
so is that &-pscudodiffcrcntial operators (in the calculus with bounds) are pscudo 
continuous (in fact, they are 'exponentially pseudo smooth' in the sense that the 
Schwartz kernel A(z, z') of a 6-pseudodifferential operator A is smooth and is expo- 
nentially decreasing, with all derivatives, off the diagonal in M x M — this can be 
seen by translating the language of the ^-stretched product in [4TJ Sec. 5.16] into 
variables on infinite cylinders.) Because the trace theorems in Section [3] were stated 
for pseudo continuous operators, Step 2 of Theorem 14.31 goes through in the cylin- 
drical end setting without change. The only change in the proof is that wherever 
there is a zeta function we have to replace it by a 6-zeta function if the operator is 
on a manifold with cylindrical end. We summarize our discussion in the following 
theorem. 

Theorem 4.4. As meromorphic functions on C we have 

b C(A_, s ) + fa C(A + , s )- b C(A, s ) 

= f(s) + ^J r X ~ s t *y [i?(A)- x i?'(A) - i?(A)- 1 i?'(A)] dX, 

where 

/( s ) = b C(A-, S ) + b C(A + , S )- b C(A, S ) 

and r = {A G C; 5ft A = c} with c > sufficiently small. If any of the manifolds 
M±,M,M± is compact, we replace \ with £. 

Theorem 14.41 fails if we drop the invertibility assumptions on the cross-sectional 
operators; for example, the operators on the manifolds with cylindrical ends where 
the cross-sectional Laplacian is not invertible would have continuous spectrum down 
to the origin so the integral in the gluing formula would not make sense. 

5. Analytic surgery 

Using Theorems 14.31 and !4. 41 we prove the analytic surgery theorems in the intro- 
duction, modulo some details on Dirichlct-to-Ncumann maps which we will present 
in the Appendix. 



22 



KLAUS KIRSTEN AND PAUL LOYA 



5.1. Stretching a manifold with boundary. Wc begin with Theorem ll.il Let A 

be a Laplace- type operator on Mo, a compact Riemannian manifold with boundary 
Y := DMq. Wc assume that Mq has a collar neighborhood 

M ~ [-1,0], x Y 

over which A = —d%. + Ay where Ay is an invertible Laplace-type operator on Y . 
Let N r = [0, r] x Y with r > 1 and let M r be the manifold obtained from Mq by 
attaching the cylinder N r to d Mo, 

M r = M {Jy N r ; 

see Figure |H1 A extends in a natural way to M r and we denote the corresponding 
Dirichlct Laplacian by Am t ■ 




FIGURE 9. M r = M_ Uy M + where M_ = M and M + = N r . 
The submanifold M_ is the original collar [—1,0] x y of M and 

a?+ = [o, i] x y c jv r . 

We now use Theorem 14. 31 with the partitions shown in Figure [S] and get 
(5.1) C(Aa/„ , s) + C(A Nr , s) - C(A Mr , s) 

= f(s) + ^J r X ~ S Tl V [RrW^KW - i?(A)" 1 i?'(A)] dX, 

where 

/( S ) = C(A_, S ) + C(A +)S )-C(A, S ), 

r = {A 6 C; 3? A = c} with c > small, and where R r (X) and i?(A) denote the 
Dirichlet-to-Neumann maps for the partitioned manifolds M = M_ Uy M + and 
M = M- Uy M+, respectively, and, finally, where the subscript r in R r {\) is to 
emphasize that the manifold M r depends on r. 




FIGURE 10. M^ = M_ U M + where A/_ = M and M + = Z is a 
manifold with cylindrical end, and the partitions M± are the same 
as in Figure O 
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Let Moo denote the manifold Mo with the infinite cylinder Z := [0, oo) x Y 
attached and let Aoo be the canonical extension of A to Moo. We apply Theorem 
14.41 with the decompositions in Figure [TU] and get 

(5.2) C(Aa/ , a) + b C(A ZlS ) - b C(A Moo , a) 

= + I A" s Tr y [i?oo(A)- 1 i? 00 (A)-i?(A)- 1 i?'(A)]dA, 

ITT J T 

where -Roo(A) is the Dirichlct-to- Neumann map for Moo = Mo Uy Z and where the 
other notations are the same as above. 

We now take the combination — (|5.1|) + (|5.2j) and get 

(5.3) C(A Mr , s) - C(A Nr , a) + b C(A z , a) - b C(A Moc , a) = p(r, a), 
where 

(5.4) p(r, s ) = 7^J r A _s Try (i? 00 (A)- 1 i?^(A) - i? r (A)- 1 <(A)) dX. 

As mentioned earlier, in [38l Sec. 2] it was proved that b £(Az,s) = ~jC{Ay,s) 
and from Proposition 12.11 we know that 

C(A Nr ,a) = ^ Y ( S ) - -C(A Y ,a) + K (r,a), 

where fc(r, s) is an entire function of s that vanishes exponentially fast as r — > oo 
uniformly on compact subsets of C. Thus, (|5.3p can be written as 

C(A Mr , a) - ^y(a) = b C(A Moo , a) - \((A Y , a) + n(r, a) + p(r, a). 

So far we have not made the assumption ker Aoo = {0} that is made in Theorem 
11.11 we do so now in order to analyze p(r, s). 

Proposition 5.1. Assuming ker Aoo = {0}, there is an > such that p(r,a) € 
C°°((to, oo) x C) and is an entire function of 8 G C that vanishes exponentially fast 
as r — > oo uniformly on compact subsets of C 

This proposition completes the proof of Theorem 11.11 Because the proof of 
Proposition 15 . 1 1 is somewhat technical we leave the details to the appendix. 




Mi 



M- M+ 



M + M- 



















\ J 





N r 




M 2 



Figure 11. M r = M_ U ? AI + where M_ = Ah U M 2 , M + = N r 
and Y = ({-r} xFju ({r} x F) =7UF. The manifolds M± are 
collar neighborhoods of dM± . 



5.2. Stretching a closed manifold. We now prove Theorem 11.31 Let A be a 

Laplace-type operator on a closed Ricmannian manifold M and let Y C M be a 
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codimension one submanifold of M decomposing M into two manifolds Mi and M 2 
with a common boundary. We assume a collar neighborhood 

M = [—1, l] x x Y 

over which A = —0%. + Ay where Ay is an invertible Laplace-type operator on Y. 
Let N r = [—r,r] x Y where r > 2, and split M into the two halves Mi and M 2 
placing N r in between: 

M r = Mi U { _ r}xy N r U {r}xy M 2 ; 
see Figure [TT] Observe that 

m = [—1, 1] x (y u y) , m_ = [-1,0] x (y uy) , m + s[o,i]x(fuf). 

The operator A extends in a natural way to an operator A M r on M r and we use 
Theorem 14.31 with the partitions shown in Figure [TT] to obtain 

(5.5) C(A Ml , s) + C(A Ah , s) - C(A Mr , s) 

= f(s) + 7^J r X ~ S Try [i?,(A)- 1 <(A) - i?(A)~ ^'(A)] dA, 

where f(s) = C(A_,s) + C(A+,s) - C(A,s) and R r {X),R(X) are the Dirichlet- 
to-Neumann maps defined on the dividing hypersurface Y UY for M r and M, 
respectively. Let N = [—1, 1] x Y, and split AT into two halves AL. = [—1,0] x Y 
and N + = [0, 1] x Y so that N = N- Uy N+. Let A N , A N _, A N+ denote the 
corresponding Dirichlet Laplacians and let i?(A) be the Dirichlet-to-Neumann map. 
Then it follows that 

/(*) = M«) , 

where 

= C(A W _ , s) + C(A W+ , s) - C(Ajv, s), 
and acting on C°°(Y UY) = C°°{Y) © C°°(Y), we have 



i?(A) 



i?(A) 
, i?(A) 



Now for i = 1,2, we put 

M iiOC = Mi uy z< , Zi = [0, 00) x y , z 2 = (-00, 0] x y 

which is a manifold with cylindrical end, and we let Ai iOC denote the canonical 
extension of A|m 4 to Mj i00 . Then according to (|5.2|) we have 

(5.6) C(A Ml , S ) + 6 C(A^ , s) - 6 C(Am 1!00 , s) 

= <?(*) + ± J A~ s Try [i? 1 . co (A)- 1 i?' l!OC (A) - i?(A)- 1 i?'(A)] dA 

and 

(5.7) C(Aa/ 2 , s) + \{A Z , , s) - 6 C(Am 2|00 , s) 

= 9(8) + ^ S [i?2,oo(A)- 1 i? 2 , co (A) - i?(A)- 1 i?'(A)]dA, 
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where 00(A) is the Dirichlet-to-Neumann map for Mi j00 = Mi Uy Zi. Recalling 
that f(s) = 2g(s), when we take the combination — (|5.5[) + (|5.6j) + (|5.7[) we obtain 

C(A Mr , s) - \(A Mlt00 , a) - b ((A Ah ^ , s) + b ((A Zl , a) + b C(Az 2 , a) = g(r, a), 
where 

(5.8) g(r,s) = JL J \~ 6 ! ( - i? r (A)- 1 <(A) + i? 00 (A)- 1 i?^ (A))dA 

i?oo(A) 



with 



By [381 Sec. 2], 



fli,oo(A) 

i?2,oo(A) 



b C(A Zl , s ) = "C(Az 2 , S ) = -ic(AY, S ), 



so 



C(A Mr , a) - 6 C(A Ml>00 , s) - b C(AM 2>00 , *) - ^C(Ay, a) = g(r, a). 

This formula plus the following theorem, where we now impose the condition 
kerAj iDO = {0} for i = 1,2, imply Theorem ll.3l 

Proposition 5.2. Assuming ker Ai iOC = {0} /or i = 1,2, there is an ro > suc/i 
i/iai g(r,s) belongs to C°°((ro,oo) x C) and is an entire function of s € C swc/i 
that given any compact subset K C C i/iere are constants c, C > suc/i £/ia£ /or a/Z 
r > ro and s € JsT, 

|p(r, S )|<Ce- CT . 
This result is proved in the appendix. 
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Appendix A. Analysis of Dirichlet-to-Neumann maps 
In this appendix we prove Propositions 15.11 and 15.21 

A.l. Dirichlet-to-Neumann maps. We begin by computing the Dirichlet-to- 
Neumann maps appearing in (|5.4[) ; for the notation in the following proposition see 
Section 15.11 

Proposition A.l. We have 



(1) Roo(X) = A/"m (A) + \J Ay (A) where 7Va/ (A) is the Dirichlet-to-Neumann 
map for Mo ■ 

(2) R r {\) = Roo(X) + C r {\), where 
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Proof. To prove (1) note that by definition (|4.2[) of the Dirichlet-to-Neumann map, 
we have 

floo(A) =7V Mo (A) + iV z (A), 



so we just have to verify that Nz(X) = -J Ay (A). To this end, observe that if 
ij> 6 C°°(y), then 

V? = e-V^W^ g C°°(Z) 
solves (—9^ + Ay(X))<p = and (f\ x =o = V*- The outer unit normal is — d x , so 



iV z (A)V; := -d x cp = ^A Y (X)ij, 

x—0 



which completes the proof of (1). 
To prove (2), we note that 



Rr(X) :=AA Mo (A)+A^ r (A) 



/Zoo (A) - V / Ay(A)+7V J v r (A) 1 



so we just have to prove that Nn t (A) = ^/Ay(A) + C r (A). 

Thus, focusing on AT r = [0, r] x Y we observe that given ip <G C°°(Y), 



sinh (xy/A Y {X)) 



ip := cosh (x v / Ay(A)) tp - — — - — cosh (r^Ay (A))?/> 

sinh (ry'Ay(A)J 

solves (— + Ay(A))(/3 = and ip\ x= o = tp an d ¥>U=r = 0. Since 



fl I / ^ TT cosh(r^A y (A)) 
sinh (ry'Ay(A)J 

and coshz = sinhz + (coshz — sinh 2) = sinhz + e~ z it follows that 



Af Nr (A) = v/Ay(A) + v/Ay(A)- 



sinh (r x /Ay(A)) 



= VMAj+C r (A), 

exactly what we wanted. □ 

Using (2) we can prove Proposition 15. II but in order to do so we need to under- 
stand the r, |A| — > oo behavior of C r (A), which we consider next. 

A. 2. Rapidly decreasing parameter-dependent operators. Let A C C be a 

sectorial region, which recall means that outside some neighborhood of the origin, A 
equals a sector (solid angle). We define the space ^I , ^ 00 (F) as the space of \E'^ 00 (Y)- 
valued Schwartz functions on [l,oo) r that are exponentially decreasing in r; more 
precisely, K r (X) <S ^^""(Y) means that for some e > 0, we have 

e-ir r (A)e < S([l J oo) r ;*X 00 (^)) J 

where the space on the right consists of \E r ^ clo (Y)-vanied Schwartz functions on 
[l,oo) r . Equivalently, we can put A as another parameter space and write 

e er K r (X) e5([l,oo) r x A;tf-°°(Y)). 

Here is a useful lemma concerning this space of operators. 
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A = {A G C; SRA < ^o/ 2 
or SRA < |3A|} 



Figure 12. The sectorial region A. The dots are the eigenvalues 
of Ay and (j,q > is the smallest one. 

Lemma A. 2. The space ^~^°°(Y) is an ideal in the space of parameter dependent 
operators in the sense that if K r (X) G \&^°°(Y) and A(X) is parameter dependent 
in A G A of any given weight, then A(X)K r (X), K r (X)A(X) G $^°°(Y). 

Proof. Since the spaces of parameter dependent operators are closed under tak- 
ing adjoints, we just have to check the result for A(X)K r (X) (since the result for 
K r (X)A(X) would follow from the result for A(X)* K r (X)* by taking adjoints). By 
definition of parameter dependent operators (see the discussion around (|4.3[) ). if 
the Schwartz kernel of A(X) vanishes near the diagonal in Y x Y, then A(X) is an 
element of * A ; 00 (F) and in this case it is easy to prove that A(X)K r (\) G ^°°(Y). 
Thus, we may assume that the Schwartz kernel of A(X) (and K r {X)) is supported 
on some coordinate patch U x U where U is a coordinate patch on Y, in which case 
we can write 

A(X,y,y')= f e i <»-y'^ a(\,y,ri)dri, 



where a(X,y,rj) satisfies the symbol estimates (|4.3j) . Therefore with B r (X) 
A(X)K r (X), we have 



B r (X,y,z) = J e^b(r,X,y,z, V )d V 

where 

b(r,X,y,z,rf) = a(\,y,tj) [ e^' K r {X, y', z) dy'. 



Since K r (X,y' , z) is smooth in all variables and rapidly decreasing as r, |A| — > oo, 
6(r, A, y, z,ij) has the same properties and, by well-known results on the Fourier 
transform, is rapidly decreasing as |^| — > oo. It follows that B r (X,y, z) has the 
same properties as K r (X,y ! , z). This completes our proof. □ 

Lemma A. 3. If A is the region in Figure \TB and Oq > 0, then there is a constant 
c > such that for any a G [a , oo) , A G A and r > 1 we have 



1 



1 - e 



-2rs/a-\ 



1 

< 



1 



Proof. We first claim there is a b > such that for any a G (0,oo) and A G A, we 
have 



(A.l) MVa~X > b\X\ + by/a~, 
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where we will see that b = — -4= works. Let A = x + iy G A and write 



a — A = \a — A| e where cos = (a — x)/ y/{a — x) 2 + y 2 and where the ± depends 
on the sign of y. Thus, \fa — A = y^Ja — A| e ±l6 ^ 2 : so 



5RVa- A = y/\a- A| cos(6>/2). 



By the half-angle formula, 



1 



cos(fl/2) = — Vl + cos# = 



An elementary exercise shows that for A = x + iy G A, 

1 



2 "V2' 



^/{a — x) 2 + j/ 
and V^la - A| > y/\X\ and \/2^|a- A| > sfa. Thus 

1 r~ 



5RVa - A > v/|a- A| 



V2 1 



x/2 



2 3 / 2 6^^A7 



= 2 1/2 6v^^AJ + 2 1/2 6^7^A~| 



This proves our claim. 

Using (|A.1[) . one can verify that for all a e [ao, oo), Ad A and r > 1 we have 



1 



1 -e 



-2r\/a-\ 



< 



1 



1 



= — 2bv/ao" 



-2rVa-A 



< e 



-2rf>(-i/l-M + v^) 



Note that there is a constant c € K with < c < 26 such that for all u > 1 and 
w > V^o we nave c(u+v) < 2buv (just take c = 26/ (1 + 1/^/ao)). Putting u = r > 1 
and v = \/|A[ + ^ shows that 



2rfc( v /|A| + VS) 



< e 



This completes our proof. 

Proposition A. 4. If A is the region in Figure\T^ then C r (A) £ ^>~^°°(Y). 



□ 



Proof. Let {/Xfe} be the eigenvalues of Ay, with fiQ the smallest one, and let 
be the corresponding orthonormal eigenvectors. Then it follows directly from the 
properties of the topology on >]/ _00 (y) that a parameter dependent operator K r {\) 
on L 2 (M) defines an element K r (\) € <S([l,oo) r x A\^~°°(Y)) if and only if for 
each k, £, the function 

(K r (\)cp k ,(pe) 

is smooth in (r, A) € [1, oo) r x A and rapidly decreasing, with all derivatives in (r, A), 
as r, |A|, k,t — > oo. Indeed, one can prove this from the Fourier series representation 
of the Schwartz kernel of K r (X): 



k.i: 
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In our situation the Schwartz kernel C r (A) is of the form 

a (A) 



so we just have to prove that 



1 — e — 2r\/p k — \ 

is rapidly decreasing, with all derivatives in (r, A) G [l,oo) x A, as r, |A|,fc — > oo. 
Observe that any such derivative is a linear combination of terms of the form 

(VVk - A) 1 



(A.2) 



(1 _ e -2ry^Ayy " 

where a; G Z and y, z G N. 

Now according to Lemma TA.3I there is a constant c > such that for all A £ A, 
r > 1, and all fc, 



1 



1 — e -2rVw-A 



< C , where C := 



1 



and 



Hence, for all A G A, r > 1, and all fc, 



|([A21)|<Cf(v^^A|)V 



which is rapidly decreasing as r, \ X\,k — > oo. Thus, C r (A) GS([l,oo) r xA;$ °°(Y)). 
Moreover, because of the e _czr term in the previous inequality it follows that 

e er CV(A) G 5([1, oo) r x A; *-°°(y)) 

where £ = c/2. This completes our proof. □ 

A. 3. Proof of Proposition l5TTl Assuming that kcr Ay = {0} and ker Aoo = {0}, 
we need to prove that there is an tq > such that 

p(r,s) = ^-^A- s Tr y (i? oc (A)- 1 i?^(A) - i? r (A)- 1 <(A)) dX 

belongs to C°°((ro,oo) x C) and is an entire function of s G C that vanishes 
exponentially fast as r — > oo uniformly on compact subsets of C. Recall that 
r = {A G C ; SKA = c} where c > is chosen such that i?oo(A) _1 and i? r (A) _1 are 
defined for A G (0, c] (see Figure [7|). 

Proof. We know that i? r (A) = i?oo(A) + C r (A) where C r (A) is the operator given 
in Proposition lA.il Hence, 

(A.3) R r (X) = {ld + G r {X))R 00 (X), 

where G r (X) — C r (X)R 00 (X)~ 1 , provided that Roo(X) is invertiblc. Now comes the 
assumption ker A m = {0}. Since A m is invertiblc it follows that (see the discussion 
around (|4.7[) ) i?oo(0) _1 exists and even more, i?oo(A) _1 exists for all A G C \ (a, oo) 
for some a > 0. Let 



A = {A G C ; 3?A < e or 3?A < |3A|}, 



:S0 
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where e is the minimum of a or (j,q/2 with /xo is the smallest positive eigenvalue 
of Ay. Then i?oo(A) _1 is analytic for all A G A. Moreover, we already know 
that -Roo(A) -1 is parameter dependent of weight —1 (cf. Proposition 14.11) . so by 
Proposition IA.41 C r (A) <G *^°°(T). Hence, by Lemma lA~2l we have G r (X) G 
^A°°(Y)- Thus there is an rg > such that for all r > i'o, the operator norm of 
G r (A) on L 2 (Y) is less then 1/2 for all r > r and A £ A. Thus, from (|A.3|) it 
follows that i? r (A) _1 exists for all r > tq and A £ A, and 

i? r (A)- 1 = i? oc (A)- 1 (Id + Gr(A))- 1 . 

Now 

<(A) = G;(A)i? co (A) + (Id + G r (A))iC(A) 

so 

i? 00 (A)- 1 i?^(A)-i? r (A)- 1 i?;,(A) = -i? 00 (A)- 1 (Id + G r (A))- 1 G;.(A)i? 00 (A). 
From this we see that for all r > r*o, 

(A.4) p(r, s) = -^J r A ~ s Try ((Id + G r (A))- 1 G;(A)) dA, 

where we can put r = {A G C ; !RA = e}, a contour which is independent of r > r$. 
Finally, recalling that G r (X) G * A ^ 00 (F) and the definition of the space \1/^ 00 (F) 
it follows immediately that p(r,s) is, for r > ro, an entire function of s G C that 
vanishes exponentially fast as r — ¥ oo uniformly on compact subsets of C. □ 

The assumption ker Aoo = {0} is important for the following reason. If ker Aqo ^= 
{0} then i? oc (A) _1 would have a pole at A = 0. Thus, G r (\) = C r (\)R 00 (X)^ 1 may 
have, for any r > no matter how large, an arbitrary large norm for small A > 0. 
Hence for any r > 0, i? r (A) _1 may fail to exist for some A > sufficiently small. 
Now recall that T = {A G C ; 5RA = c} is such that i? r (A) _1 must be defined for 
A G (0,c]. Thus, if ker Aqo 7^ {0}, then it is possible that c would depend on r. 
This would make the analysis of (|A.4[) highly nontrivial. 

A.4. Proof of Proposition I5T21 To prove Proposition 15.21 we first compute the 
Dirichlet-to-Neumann maps appearing in (|5.8jl : for the notation in the following 
proposition sec Section [ 



Proposition A. 5. We have R r {X) = -Roo(A) +T r (A), where 

-Roo(A) 



-Ri.oo(A) 

i?2,oo(A) 



T (\) = V 7 ^) e-^V^W -Id 

sinh(2ryA7(A)) \ -Id e^ 2r V A W^ 

Proof. We first claim that for N r = [— r, r] x Y, we have 
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To prove this we first note that given (ipi, ip2 ) S C°°(Y U Y), 



tp = cosh ((a; - r)i/Ay(A)) ^2 



sinh (2r^A Y (A)) 

solves (— S 2 , + Ay(A))y? = and c/j| x= _,, = ^1 and (/?| x=r = ^2- Algebra shows that 



sinh(2r-y' Ay(A)j v 



and 



sinh(2ry Ay(Aj) v 7 

Hence, 

_/VA7(A) \ , y^7(A) ( e -2rV^w -u 



A/V = 



VAWA)/ sinh(2ryA7(A)) I -Id e -2»yAy(A) 



which proves our claim. 

We now prove the proposition. Indeed, by definition of i? r (A) we have 

and by our formula for A/jv r computed above, we see that 

which when combined with (1) of Proposition I A. 1 1 proves the result. □ 
The proof of Proposition IA.4I can be adapted to prove the following. 

Proposition A. 6. If A is the region in Figure [7E then T r (X) e ^°°(Y). 

Now that we have Propositions ! A. 5l and lA.6l we can use them to prove Proposition 



15.21 in an almost identical way as we proved Proposition 15.11 Thus, we omit the 
similar details. 
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